This paper investigates the existence of solutions for a nonlinear boundary value problem of sequential fractional differential equations with four-point nonlocal Riemann-Liouville type fractional integral boundary conditions. We apply Banach's contraction principle and Krasnoselskii's fixed point theorem to establish the existence of results. Some illustrative examples are also presented. 
Introduction
Nonlocal boundary value problems of nonlinear fractional order differential equations have received considerable attention in recent years and a variety of results on this class of problems have been obtained. Fractional calculus is found to be an effective modelling tool in many branches of physics, economics, biological sciences, engineering and technical sciences [11, 15, [17] [18] [19] [20] . It has been learnt through experimentation that differential and integral operators of fractional order do share some of the characteristics exhibited by the processes associated * E-mail: bashirahmad_ qau@yahoo.com † E-mail: aalsaedi@hotmail.com ‡ E-mail: hanno.1407@hotmail.com with complex systems having long-memory in time. In fact, an important characteristic of fractional order differential operator that distinguishes it from the integer-order differential operator is that it is nonlocal in nature. It means that the future state of a dynamical system or process based on a fractional derivative, depends on its current state as well its past states. Thus, differential equations of arbitrary order are capable of describing memory and hereditary properties of some important and useful materials and processes. This feature has greatly contributed to the popularity of the subject and the focus of many researchers has shifted to fractional order models from the classical integer-order models. There has been a great interest in developing theoretical analysis like periodicity, asymptotic behavior and numerical methods for fractional equations. For some recent work on the topic, we refer to a series of papers [1-5, 7-10, 12-14, 16] . Recently, in [6] , the authors studied sequential fractional differential equations with three-point boundary conditions. In this paper, motivated by [6] , we establish some existence and uniqueness results for a boundary value problem of sequential fractional differential equations with four-point nonlocal fractional integral boundary conditions given by 
Preliminaries
Let us recall some basic definitions [18] [19] [20] .
Definition 1.
The Riemann-Liouville fractional integral of order for a continuous function is defined as
provided the integral exists.
Definition 2.
For an at least −times continuously differentiable function : [0 ∞) → R the Caputo derivative of fractional order is defined as
where [ ] denotes the integer part of the real number .
To obtain the main results for the problem (1), we need the following lemma.
Lemma 3.
For any ∈ C [0 1] the unique solution of the linear fractional boundary value problem
Proof.
Applying the operator I β on both sides of
which can be rewritten as
Integrating from 0 to , we get
Applying the boundary conditions for the problem (2) and using (4), we find that
Substituting the values of 0 and 1 in (5) yields the solution (3). This completes the proof. where the operator : → is given by
Existence results

Let
Observe that the problem (1) has a solution only if the operator equation (6) has a fixed point. For the sake of computational convenience, we introduce the following notations:
where A( ) B( ) G 2 and G 4 are given by (4).
Theorem 4.
Assume that : [0 1] × R → R is a continuous function satisfying the condition
Then the problem (1) has a unique solution if L < 1/τ where τ is given by (8) .
Proof. Let us set sup
As a first step, we show that B ⊂ B where B = { ∈ : || || ≤ } For ∈ B we have || || = sup
≤ sup
Thus we get ∈ B Now, for ∈ and for each ∈ [0 1] we obtain
where we have used (8) . By the hypothesis, L < 1/τ Therefore, the operator is a contraction. Hence, the conclusion of the theorem follows by the contraction mapping principle (Banach fixed point theorem). This completes the proof.
Our next result is based on Krasnoselskii's fixed point theorem.
Theorem 5 (Krasnoselskii [21]).
Let M be a closed, convex, bounded and nonempty subset of a Banach space X Let A B be the operators such that (i) A + B ∈ M whenever ∈ M; (ii) A is compact and continuous and (iii) B is a contraction mapping. Then there exists ∈ M such that = A + B
Theorem 6.
Assume that : [0 1] × R → R is a jointly continuous function satisfying the condition (10) and
Then the boundary value problem (1) has at least one solution on
Proof. We define B = { ∈ : || || ≤ } where
and sup ∈[0 1] |µ( )| = ||µ|| Define the operators 1 and 2 on B as
For ∈ B we find that
||µ|| ≤ Thus, 1 + 2 ∈ B It follows from (10) and (11) that 2 is a contraction mapping. Continuity of implies that the operator 1 is continuous. Also, 1 is uniformly bounded on B as
Now we prove the compactness of the operator 1 In view of (10), we define 
which is independent of and tends to zero as 2 → 1 . This shows that 1 is relatively compact on B Hence, by the Arzelá-Ascoli Theorem, 1 is compact on B Thus all the assumptions of Lemma 5 are satisfied. So, by the conclusion of Lemma 5 the problem (1) has at least one solution on [0 1]
Example 7.
Consider a sequential fractional differential equation with fractional integral boundary conditions given by 
Further, with the given data, we find that A 1 = 1 1264 B 1 = 1 1042 G 2 = 0 032222 G 4 = 0 78721 and
, therefore, by Theorem 4, there exists a unique solution for the problem (13).
Example 8.
Consider the problem
Observe that 
Conclusions
We have obtained some existence results for nonlinear sequential fractional differential equations with fourpoint nonlocal Riemann-Liouville type fractional integral boundary conditions by means of Banach's contraction principle, and Krasnoselskii's fixed point theorem. Our results are new and take care of certain special cases. For instance, one can obtain the results for a Dirichlet boundary value problem of sequential fractional differential equations by taking = 0 = in the results of this paper. Further, in the limit α → 2 + our results correspond to those for sequential fractional differential equations with nonlocal integral boundary conditions of the form:
We emphasize that these results are new in the context of sequential fractional differential equations.
